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Transformation 7, V to Orbital elements a, e,i, Q, w,v
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1 Orbital trajectory Frames and Angles
An elliptic (or hyperbolic) orbit in 3D space can be described with the help of 3 frames:
The body centered inertial frame X, Y, Z with base @, e_y),e_z’ and with X axis pointing in the (inertial) direction to the Sun the

first day of spring, which is called the Vernal point Y

. . . — 1 = . = - =
And two useful frames referenced into the orbital plane, having the same out of plane base vector e;, = WH withH =r XV
I S —— — B L p— .
st The Polarframeis:r,H X, H, withbasee,, e, e, and e, = T orls the orthoradial base vector

&  The Nodal frame based on the node N = e, X H with unit vector é,,.. = N/||N]|.
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2 Generalities Conics and Movement
2.1  Recall some basic relations for conics
s Conic equation: the body at one focus ( v is the angle wrt the focal axis in the positive sense) : r = 1+eiosv Eqg. 1

This is valid also for the hyperbola main branch (when 1 +ecosv >0 i.e. withcosv,, = _?1 forv € |—ve, V| )

For the other branch, the conic equation provides negative r values for angles v such that 1 + ecosv <0, i.e.V € |Ve, 2T — Vo -
sk Semi-major axis: a® = b% + c? (for ellipses) and c? = a? + b? (for hyperbola) Eq. 2
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The other equations for the ellipse can work as well for hyperbola on the condition to change the sign of the quantities semi-
major axis, semi-minor axis and focus to center distance “a, b, c¢” .

For the case hyperbolic the distance between the Focus and the perigee “r.,
Tyer = @ — ¢ With the fact thata < 0 and ¢ < 0, so that ;. is a positive distance. This is shown in the figure below with the
positive distances for hyperbola —a, —b, —c. ’/

”

can be defined as for ellipses by

@ = b7+ c? s ] e
YA /
y N 4:/
sk For both cases, the eccentricityis: e = /g (for hyperbola,a < 0 andc <0 soe > 0) Eq. 3
sk For both cases, as given above: 7, =a —c¢ hence Tyer = @(1 — €) (for hyperbola, a<0, e>1 D 1, > 0) Eq. 4
st Forv=0 7r(v=0)=r, theconicequationgives 7,e, = 1% i.e. p=Tpe(1+e€) thus p=a(l—e?) Eq. 5
. . 1-e?
s Eventually the conic equation becomes: r = M. Eqg. 6
1+ecosv
2.2 Recalls the general equation of the movement
The general equation of the movement, in a body centered inertial frame (the body is the Focus), under a central force (the
gravitational force) position and velocity are related by ' = ¥/, with F = —£2%; Inthe “In-Plane” Polar frame &, €,,, €y, :
Eq. 7
2 2
ar o, (ﬁ) —u
. = df _ar de; at - a7 |9t dt F =
T = =—=21g — = dae = —= ae = = i
&= 7 [0] V=—=—e +r— ra r=— ld(rzdt) /m o | with 8 a polarangle.  Eq. 8
0 &rGor.eh r dt 0
0 0
I a(r22)
sk |t follows that the angular momentum per unitof mass H =7 x V = Odg has a null derivative because ;T‘“ =0,
227
L
= . — - ag — - das . _—
then H is a constant vector aligned along e, so H = r? Zén Onesets H = ||H|| And because; is by definition Eq. 9
. ag ., . . .
always positive (if it looks negative it’s because the inclination of the orbital plane is near 180°), H = r? T this gives the variable rate of
. d6 _H
evolution of the polar angIeE == Eg. 10
VZ
7 dl—= d(®
- . R 4 —u d
s The poweris V - F, sothe power per unitof massis V-I'=V- -—= (2) == (T) Eq. 11
dt dt r2 "dt dt
o5
Thus, % = 0, this null derivative versus time shows that the sum of kinetic and gravitational energiesis W a constant
. V2 . - : T
given by? —% = W equation called “vis viva equation”, see the complete eq. below . Eq. 12
i 0
dH ., dVxH dVxH 2.9 .. o T3 2 = d(VxH-pe;
s Because— = 0, one consider *# 1o get: A —TFxH ,With I'x H= ro x| 0 |= #& thenw =0
dt dt dt 246 dat dt
0 T
L VxH — — 5.
The vector e = 7 e, derivative=0, so e is a constant vector. Eq. 13
5= VxH 2 — =  HxH = - ” . ..
Note: e.H = .H+e.H= .V + 0 =0, so vector e is “in plane” the orbital plane, called eccentricity vector. Eq. 14
T b UxA — b H? ar
Because VX H.7 =7 xV.H=H? é&.e = m .e,—1 e.e . = e 1 giving ageneral coniceq. r = i Eq. 15
eEn
In this equation, all being constant except e, and r, it is clear that 7 is minimum for e,.€ maximum, i.e. e, = €/e hence € is
aligned with the perigee. One can write €. e, = ecosVv and € X e,.e, = esinv. whereV isthe “in plane” angle from
. . H? . .
perigee (in the positive sense, on the focal axis) and by calling p = i one gets the common conic equation: r = H;’m Eq. 16
H2 V.2 TperVper? H? 1
s Energy constant: 7, =L =—— and - =Wso W=2rPr_ L - — = uite) &
1+e u(i+e) 2 Tper 2Tper Tper 2per —— Tper 2Tper Tper
u@+e)
W=--—+-(02-(1+e)=—F10-e)=—L(1-¢€?) withp=a(l—e?) w=2t Eq. 17
2Tper 2L 2p 2a
1+e
PErs—— . V2 u —-u
The completed “vis viva equation” becomes: B = 7 Eq. 18



,*% Eco-Kci-Me-127 Transformation state RV to Orbital02 04/04/2023 Page 3/3

3 Transformation 7,V to Orbital elements a,e,i, Q, w,v
One considers the vectors 7, V given in the inertial base ey, ey, e; of the body centered inertial frame, ey pointing to y.

— 1 5 - -
e =t T= 17l v=|v| Eq. 19
o A —u
The vis viva equation— — — = —— givesa = —— (for hyperbola, a < 0) Eq. 20
2 r 2a <V ,u)
2| ——&=
2 T
= L, = 1z N = — T - T Lo .
H=rxV, e,= WH cos(i) = e,.e; thatgivesinclination i without any ambiguities because i € [0°,180°]. Eq. 21
. L. > UxH — - -
Using the eccentricity vector € = % —e, e=|le|]| whichisalways=>0 Eq. 22

s Ifi €]0°180°[ thenthenode N =&, X H, &yoqe = == N. Angle Q is the angle of the node N wrt &;

(1]
cos(Q) =Eyoge- €x sin(Q) = éyoge- ey that gives 2 = ATAN2(cos, sin) Eq. 23
o Ife > 0, the angle w is the angle of € wrt the node : €. €ypqe = €COSW ; Eypge X €.€, = esinw  gives @ Eq. 24
. .o : — S a— 5= 2 . .
o Ife> 0, using again e, the angle v is the angleof e, wrt ¢ : e.e, =ecosv ;e Xe,.e, =esinv givesv Eq. 25
NoOte : éyoqe X 6.8, = & X 8. 8xoqe = —8 X 8.8y0qe AN Ex &8, =8, x .6, 50 &, X € oriented along the semi-minor axis of

the conic can be used for both assessments of sin w and sinv.

4 Transformation Orbital elements a, e,i,Q, w,vto %,V in body centred inertial frame

2 —
Note : Case elliptic: from 1y, T'qpo One gets a = (r”";—r“’"’) Hyperbolic: from V, one gets a with VT” = i a<0
1) Radius vector:onesets7 =r.e, and 7= |[|7]| and “p =a(l—e?)" Eq. 26
cos Q cos(w + v) + cos (Q + g) sin(w + v) cosi
— p 5
T = e ér = | sinQ cos(w + v) + sin (Q + g) sin(w + V) cosi Eq. 27
sin(w + v) sini
2) Velocity vector
=7~ df _ di dv ar — dey\ dv
V(t)—z—;;—(aerﬁ'rz)z Eq 28
2 —_ 2 _, =
with H = \/ua(1 —e2) from"p = a(l —e?) = HT and Z—: = :1—2 from "H = r? %”, V(t) = (e sinv%er + T%):I—Z Eq. 29
T _ Mesinv — | Hde; - T H esinv H de;
V() = —, et - giing eventually V(t) = T 209 s Eqg. 30
with
—cos O sin(w + v) + cos (Q + g) cos(w + v) cosi
der _ | , , ™ . Ea. 31
av | —sinQsin(w + v) + sin (Q + ;) cos(w + v) cosi a.

cos(w + v) sini
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La mécanique orbitale est une discipline étrange... La premieére fois que vous la découvrez, vous ne comprenez rien..
La deuxiéme fois, vous pensez que vous comprenez, sauf un ou deux points.. La troisiéme fois, vous savez que vous ne
comprenez plus rien, mais a ce niveau vous étes tellement habitué que ¢ca ne vous dérange plus. attribué a Arnold
Sommerfeld pour la thermodynamique, vers 1940




